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ABSTRACT
The origin of long secondary periods (LSPs) in red giant variables is unknown. We
investigate whether stellar pulsations in red giants can explain the properties of the
LSP variability. VIJHKs light curves obtained by OGLE and the IRSF/SIRIUS survey
in the Small Magellanic Cloud are examined. The sample of oxygen-rich LSP stars
show evidence of a phase lag between the light curves of optical and near- IR band.
The change in radius contributes the bolometric change roughly half as much as the
change in temperature, implying that the change in effective temperature plays an
important role in the luminosity change associated with the LSPs. We have created
numerical models based on the spherical harmonics to calculate the light amplitudes
of dipole mode variability and have found that the models can roughly reproduce
the amplitude - amplitude relations (e.g. (∆I, ∆H)). The LSP variability can be
reproduced by the dipole mode oscillations with temperature amplitude of . 100 K
and . 150 K for oxygen-rich stars and most carbon stars, respectively. Radial pulsation
models are also examined and can reproduce the observed colour change of the LSPs.
However, there is still an inconsistency in length between the LSP and periods of
radial fundamental mode. On the other hand, theoretical PL relations of the dipole
mode corresponding to so-called oscillatory convective mode were roughly consistent
with observation. Hence our result suggests that the observations can be consistent
with stellar pulsations corresponding to oscillatory convective modes.
Key words: star: AGB and post-AGB – stars: oscillation.
1 INTRODUCTION
Recent long-term ground-based observations (e.g. OGLE,
MACHO) have developed our knowledge of luminous red
giant variables. Those stars show light curves with peri-
ods longer than 1 day and are, therefore, called long period
variables (LPVs). Recently, at least eight period-luminosity
(PL) relations, which are labeled A′, A, B, C′, C, D, E and
F, have been found among the LPVs in both the Large and
Small Magellanic Cloud (LMC, SMC) (Wood et al. 1999;
Soszyn´ski et al. 2004a; Ita et al. 2004; Tabur et al. 2010;
Soszyn´ski & Wood 2013). On the origin of the six sequences,
the sequences A′ - C and F are known as stellar pulsations
corresponding to lower order radial and non-radial p-modes
(Wood et al. 1999; Ita et al. 2004; Takayama, Saio & Ita
2013; Soszyn´ski & Wood 2013; Stello et al. 2014; Wood 2015;
Trabucchi et al. 2017). The sequence C and C′ consist of
Mira/Semi-Regular (SR) variables and are interpreted as the
radial pulsations corresponding to the fundamental mode
(i.e. the radial-pulsation mode corresponding to the longest
? E-mail: takayama@nhao.jp
period) and the first overtone mode of the red giants, re-
spectively (Ita et al. 2004). On the other hand, LPVs falling
in the sequence A′ - B are classified as the OGLE Small
Amplitude Red Giants (OSARGs) (Soszyn´ski et al. 2004a;
Soszyn´ski et al. 2007). The sequence E consists of eclipsing
binaries and rotating stars with ellipsoidal shape (Wood et
al. 1999; Derekas et al. 2006; Soszyn´ski 2007).
The sequence D stars have periods lying between ap-
proximately 400 and 1500 days, which are longer than the
period falling on the sequence C in the same luminosity.
These stars are also pulsating with shorter periods (primary
periods) typically falling on the sequence B (Wood et al.
1999). The periods corresponding to the sequence D are
called long secondary periods (LSPs). Note that the primary
periods do not necessarily correspond to the largest ampli-
tude of the light curves. Approximately 25 - 50% of the lu-
minous red giant variables in MACHO and OGLE database
showed the light variations associated with the LSPs (e.g.
Soszyn´ski et al. 2007; Fraser et al. 2008; Nicholls et al. 2009).
Many explanations for the LSP phenomenon have been pro-
posed, but the origin of the LSPs is still unknown. Here is
the summary of the points.
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Binarity is one of the straightforward explanations to
naturally interpret a longer period than those for the radial
pulsations. Hence a close binary system like sequence E stars
has been well argued. In previous works, many researchers
suggested that the sequence E smoothly joined with the bot-
tom of the sequence D on the period-luminosity diagrams
if the sequence E stars were plotted using the orbital pe-
riod (i.e. double the photometric period) (Soszyn´ski et al.
2004b; Derekas et al. 2006; Soszyn´ski et al. 2007). Soszyn´ski
et al. (2007) also found that about 5% of the LSP stars
in the LMC showed eclipsing-like or ellipsoidal-like modula-
tions in their light curves. On the other hand, many of the
LSP stars found in MACHO database showed light curves
with faster decline and slower rise. Wood et al. (1999) sug-
gested that eclipse by a comet-like companion with a gas and
dust tail could explain such asymmetric shape of the light
curves. Although the binary scenario seemed a reasonable
explanation for the LSP phenomenon, various observations
of radial velocities have conflicted with the binary hypothe-
sis. One of the crucial evidence was that the radial-velocity
amplitudes related in the LSPs were too small. The typical
value for full velocity amplitudes for the LSP stars in the
Galaxy and LMC was about 3.5km s−1 (Wood, Olivier &
Kawaler 2004; Nicholls et al. 2009). Nicholls et al. calcu-
lated the mass of the hypothetical companion of the LSP
star and they derived that typical value for companion mass
was about 0.09M. They estimated that less than 1 % of
low mass main-sequence stars have a companion star with
stellar mass lying between 0.06 - 0.12M. This fraction is
too small to explain the population of the LSP stars.
The periodic dust formation hypothesis due to mass
ejection from the central star has been proposed to the ex-
planation for the LSPs by Wood et al. (1999). Wood &
Nicholls (2009) found the evidence for mid-IR excess from
the photometric data. This was interpreted as, the LSP stars
having a circumstellar disk or patchy clouds consisting of
dust. Takayama, Wood & Ita (2015) explored the colour
and magnitude variations of LSP stars in the SMC. They
found that the observation was inconsistent with the mod-
els for dust formation along a spherical mass shell though
they examined various chemical compositions for the dust
models.
A rotating star with star spots has been a potential sce-
nario for the LSP phenomenon. Some researchers have pro-
posed the presence of cool spots due to magnetic activity on
asymptotic giant branch (AGB) stars (e.g. Soker & Clay-
ton 1999). Soszyn´ski & Udalski (2014) found that typical
LSP stars in OGLE database showed the light curves sim-
ilar to those of the rotating stars with dark-spots. Olivier
& Wood (2003) found that the equatorial rotation velocity
of LSP stars is typically less than 3 km s−1, which implies
a rotation period of ≥2868 days when the stellar radius of
∼170R. However since the LSP is typically less than 1500
d, the upper limit of the rotation velocities is too small to
justify the LSP properties. Takayama, Wood & Ita (2015)
explored the colour and magnitude variations using the op-
tical and near-IR light curves. They found that theoretical
models for a cool spot on a rotating star were inconsistent
with the observations.
Stellar pulsation is one of the most straightforward ex-
planation to interpret the periodic variability of stars. The
fundamental modes whose period is the longest among ra-
dial pulsation modes, however, correspond to the sequence C
of the PL relations (Ita et al. 2004). Moreover, the LSPs are
about 4 times longer than the sequence C periods in a given
luminosity. Hence radial pulsation is ruled out. On the other
hand, non-radial g-mode pulsations were proposed to inter-
pret such a long period (Wood et al. 1999). However, g+-
mode pulsations are evanescent in convective layer. Wood,
Olivier & Kawaler (2004) suggested that the amplitude ex-
pected from the g+ modes would be too small to explain
the observed light and velocity amplitudes of the LSP stars,
since luminous red giant stars have thick convective envelope
and very thin outermost radiative layer.
Recently, g−-mode pulsations were proposed as the ex-
planation for the LSPs. In adiabatic condition, the fre-
quencies of g−-modes in a star having fully convective en-
velope are purely imaginary. However, in red giants with
logL/L >3, non-adiabaticity cannot be ignored and the
g−-modes become oscillatory in extremely non-adiabatic
condition. These g−-modes are so-called oscillatory convec-
tive modes (Saio et al. 2015). Saio et al. discussed the prop-
erties of the oscillatory convective modes in luminous AGB
stars. They also found that the theoretical PL relations of
the dipole mode (l=1) roughly agree with the sequence D
in the LMC. However, it has never been examined, whether
the non-radial dipole mode oscillations can reproduce the
properties of the light variations associated with the LSPs.
In this paper, we examine a possibility, whether dipole
mode oscillations can explain the LSPs. In Section 2, our
numerical models which calculate the light amplitudes of
pulsating stars are discussed. In Section 3, the observational
data for the light curves obtained by OGLE (Soszyn´ski et al.
2011) and IRSF/SIRIUS (Ita et al. 2018) survey in the SMC
and the photometric magnitude data obtained by the Magel-
lanic Clouds Photometric Survey (MCPS) catalog (Zaritsky
et al. 2002) and the Spitzer SAGE SMC IRAC (Surveying
the Agents of Galaxy Evolution SMC Infrared Array Cam-
era) source catalog (Gordon et al. 2011) are introduced. In
Section 4, the observation data are analysed and in Section
5, the properties of the LSP variability are discussed. In Sec-
tion 6, our models are compared. We discuss a possibility of
dipole mode variability as explanation for LSPs.
2 THE MODELS
We made models to calculate the brightness and the light
amplitudes of a non-radially pulsating star. The model light
amplitudes vary with the inclination angle α between the
pulsation axis and the line of sight due to the non-spherical
distribution of the light intensity on the photosphere. We
modelled a star using the spherical harmonics Y 01 (the
dipole modes) for the temperature distributions in the pho-
tospheres and examined models with various α.
The brightness of the star is calculated by integration
of the intensity of the brightness along the stellar disc. For
the radiation flux from the photosphere, we utilised spheri-
cally symmetric MARCS code (Gustafsson et al. 2008) with
chemical compositions of ”heavily CN-cycled” and [Fe/H]=-
1.0 for oxygen-rich stars and blackbody properties for car-
bon stars, respectively. We also assume a stellar mass of
1.0M and surface gravity of log g=0.5 for the models.
In our models, we assume the mean temperature of the
c© RAS, MNRAS 000, 1–16
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photosphere (T0) to be T0 = 3700 K and T0 = 3200 K for
oxygen-rich star and carbon star, respectively. As mentioned
in Sec 5.2, these values are consistent with the typical values
for the mean effective temperatures of the oxygen-rich stars
and carbon stars, respectively.
Our models also depend on the temperature amplitudes
(∆T ) and the inclination angle (α). We examine models for
α=0, 30, 60, and 90 degrees with ∆T=100 K, 150 K and
200 K. Note that α = 0 corresponds to when the pulsation
axis agrees with the line of sight direction. To consider the
dimming of light from the star due to the limb darkening
effect, both models with and without limb darkening have
been calculated. We used the linear limb darkening coeffi-
cients of Neilson & Lester (2013). The full light amplitudes
in various wavebands are calculated for models with a given
inclination angle and temperature amplitude. For more de-
tail of the models, see Appendix A.
3 THE OBSERVATIONAL DATA
3.1 The near-infrared data
Long-term magnitude variations in three near-infrared
bands (J(1.25µm), H(1.63µm), and Ks(2.14µm)) are avail-
able for a number of variable stars in the LMC/SMC by
the observations at the South African Astronomical Obser-
vatory at Sutherland with IRSF/SIRIUS camera (Ita et al.
2018). The observations with SIRIUS camera have operated
within 1◦ × 1◦ area around the centre in the SMC more
than one hundred times from July 2001 to Dec 2017, and
a total of ∼61,000 variable source candidates were detected
(for more detail, see Ita et al. 2018). Among those candi-
dates, 25,119 stars have time series data of all the three
near-infrared bands. In this work, we picked up the LSP
candidates proposed by Soszyn´ski et al. (2011) among the
25,119 stars, and used the time series data.
3.2 The optical data
We obtained the V and I band light curves of red giant
variables in the SMC from the OGLE database (Soszyn´ski
et al. 2011). OGLE -II and -III observed huge number of
stars in the SMC about 50-100 times with the V band filter
and about 700-1,000 times with the I band filter, respec-
tively, from 1997 to 2009. Soszyn´ski et al. (2011) obtained
LSP candidates from the OGLE database according to the
position on the PL diagram. They also divided the red gi-
ants into oxygen-rich stars and carbon stars. We found 388
LSP candidates consisting of 300 oxygen rich stars and 88
carbon stars in the area of the IRSF/SIRIUS survey.
3.3 The U , B and mid-IR band data
In addition to the V IJHKs data of OGLE and the
IRSF/SIRIUS projects, we use the Magellanic Clouds Pho-
tometric Survey (MCPS) catalog (Zaritsky et al. 2002) for
the U and B band magnitudes and the Spitzer SAGE SMC
IRAC (Surveying the Agents of Galaxy Evolution SMC In-
frared Array Camera) source catalog (Gordon et al. 2011) for
the mid-IR ([3.6][4.5][5.8][8.0]) band magnitudes. We con-
sider the individual magnitude values reported in these cat-
alogs as mean magnitudes of each star.
4 DATA ANALYSIS
In this section, we obtain the light curve parameters for the
optical and near-IR bands by using the least square peri-
odgram and select a sample of LSP stars. Then, by using
the photometric magnitudes of various wavebands, we ob-
tain the time series of the effective temperature, bolometric
luminosity, and stellar radius of the stars.
4.1 sample selection
To investigate the properties of the light variations asso-
ciated with the LSP, we selected a sample of LSP stars by
combining the OGLE and IRSF/SIRIUS database. From the
388 LSP candidates found in the area of the SIRIUS survey,
we chose samples that show periodicities corresponding to
the LSP in both optical and NIR light curves.
The periods corresponding to the light curves of the star
are determined by the least-square periodogram based on
the Lomb-Scargle periodogram (Lomb 1976; Scargle 1982).
The brief explanation of our method is as follows; We con-
sider a first-order Fourier series
mP (ti) = m0 +AP sin
(
2pi
ti − t0
P
+ 2piφP
)
(−0.5 ≤ φ < 0.5), (1)
where ti is the observation time (i=1,2,3,,,) while m0 and
AP are the offset term and the amplitude for a given P
value, respectively. The initial phase φP is determined with
a reference time t0 corresponding to JD 2,450,000. A chi-
squared distribution χ2 against P value is given by
χ2(P ) ≡
∑
i
(m(ti)−mP (ti))2 , (2)
where mi is the observed magnitude in ti. We searched a P
value corresponding to minimal value for χ2 in the range of
1.01 - tmax d in a step of 0.01 d, where tmax is a half the
length of the observation period for the star.
Our method for period analysis obtain a period corre-
sponding to the mode of the largest amplitude in the light
curves. We obtained period PI from I light curves of 388
LSP candidates by using our method. The top panel of Fig-
ure 1 shows the plots on PI -Ks diagram. We confirmed that
the obtained PL relation is consistent with the sequence D
found by previous works (Soszyn´ski et al. 2011). Hence we
consider that the PI is consistent with the LSP of the star.
We also obtained periods PJ and PKs from J and Ks
light curves. The bottom panel of Figure 1 shows the period
ratios PJ/PI and PKs/PI, respectively. If the mode corre-
sponding to the LSP is prominent in not only I light curves
but also the NIR light curves, both PJ and PKs have similar
values to the LSP in the I light curves (i.e. PI). Hence we
selected a sample of the stars whose PJ and PKs values both
fall within 5% of the PI value. As a result of this selection, we
ended up with a sample of 18 LSPs consisting of 9 oxygen-
rich stars and 9 carbon stars. We also calculated the best fit
values for light amplitude, initial phase, and offset term for
c© RAS, MNRAS 000, 1–16
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Figure 1. The top panel shows the period-Ks magnitude relation
consisting of a sample of 388 LSP candidates. The red pluses cor-
respond to the period PI derived by our method, while the black
crosses are the period published by OGLE database (Soszyn´ski et
al. 2011). The root mean square (RMS) of the difference between
PI and POGLE (i.e. (PI − POGLE)/POGLE) for 388 LSP candi-
dates was 2.6%. Ks magnitudes correspond to the mean magni-
tude of the stars obtained from SIRIUS data. The bottom panel
shows a plot of the period ratios in those stars. The red pulses and
the blue crosses are the PJ/PI and PKs/PI values, respectively.
The two black dashed horizontal lines correspond to period ratios
of 0.95 and 1.05.
V , J , H, and Ks light curves by adopting PI . Table 1 shows
the best fit values for the light curve parameters.
4.2 The combined optical, and near- and mid-IR
data
We wish to combine the optical and near-IR data and ob-
tain the V IJHKs magnitudes at the same observation time.
However, there was no SIRIUS data at the same observation
time as OGLE data. In addition, the observations with I fil-
ter were more frequent than the observations with the JHKs
filters. Hence we calculated the I band magnitudes at the
observation time of SIRIUS (tSIRIUS) by using linear interpo-
lation between I(ti) and I(ti+1), where ti ≤ tSIRIUS ≤ ti+1.
Note the interpolations were only used for when ti+1 − ti ≤
5 d.
The time series of the V band were too sparse to use
our method for the I band data. However, the light curves
associated with the LSPs were almost coherent between the
I band and V band (Figure 2). Hence we obtained the V
-0.40
-0.20
0.00
0.20
0.40
-0.40 -0.20 0.00 0.20 0.40
φ V
φI
Orich
Crich
Figure 2. Comparison of the initial phase for I band against
these for V band. The red and blue colours correspond to the
oxygen-rich and carbon stars, respectively. The error bars cor-
respond to 1σ uncertainty, where σ is the error of a fit. The
amount of the phase shift obtained by a fit with a linear func-
tion φV = φI + a where the offset was calculated to be a=0.00.
Therefore there is little to no evidence for phase lag between the
I light curves and V light curves.
band light curves of the star by using the following equation,
V (tSIRIUS) =
∆V
∆I
(I(tSIRIUS)− 〈I〉) + 〈V 〉 , (3)
where ∆V and ∆I correspond to the amplitudes of V and
I bands, respectively. 〈V 〉 and 〈I〉 are the mean magnitudes
of V and I bands, respectively.
In order to compute apparent bolometric luminosities,
we require a spectral energy distribution which we obtain
from UBV IJHKs, [3.6], [4.5], [5.8], and [8.0] band magni-
tudes. Due to lack of observed amplitude data, we assume
the U,B and the mid-IR magnitudes to be constant during
the LSP cycles. Figure 3 shows examples of the spectral en-
ergy distributions (SEDs) of the stars. The energy flux emit-
ted by red giants such as LSPs is confined mainly between
the V and Ks bands. It implies that most of the amount of
fluctuation of energy flux would result from variations in this
wavelength range. Hence it is adequate to assume a constant
magnitude for the UB and mid-IR bands as we compute the
perturbations of the bolometric luminosity.
For the correction of the reddening due to the inter-
stellar extinction in our Galaxy and the SMC, the colour
excess E(B−V ) of 0.12 mag (Keller & Wood 2006) and the
mean RV-dependent extinction law of Cardelli, Clayton, &
Mathis (1989) with RV=3.2 are used. By using the photo-
metric magnitudes of various waveband, we obtain the time
series of the effective temperature, bolometric luminosity,
and stellar radius of the stars and explore how those param-
eters change with the LSP cycle, as explained below.
4.3 The effective temperatures
We estimated the effective temperatures of the star by us-
ing colour-temperature relations for AGB stars proposed by
previous works. There is room for debate whether a change
in the colour of the central star are caused by a change in the
c© RAS, MNRAS 000, 1–16
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Table 1. Light curve parameters.
IDa Sp PI V ∆V
b φV I ∆I
b φI J ∆J
b φJ H ∆H
b φH Ks ∆K
b
s φKs
type (day) (mag) (mag) (mag) (mag) (mag) (mag) (mag) (mag) (mag) (mag)
07522 O-rich 319.06 17.24 0.43 0.049 15.15 0.16 0.004 13.92 0.14 -0.055 13.07 0.13 -0.024 12.73 0.09 -0.021
07563 O-rich 548.97 16.61 0.13 -0.235 14.60 0.08 -0.240 13.31 0.05 -0.284 12.43 0.04 -0.180 12.16 0.05 -0.264
07849 O-rich 431.55 16.76 0.41 0.269 14.78 0.18 0.190 13.47 0.05 0.168 12.63 0.04 0.145 12.45 0.06 0.198
07852 O-rich 641.00 16.67 0.46 -0.296 14.37 0.22 -0.266 12.93 0.05 -0.274 12.09 0.04 -0.289 11.81 0.04 -0.215
07858 O-rich 509.19 16.84 0.19 -0.340 14.99 0.10 -0.309 13.63 0.08 -0.374 12.84 0.06 -0.312 12.51 0.05 -0.247
08978 O-rich 418.78 16.67 0.37 0.012 14.75 0.16 0.043 13.46 0.02 -0.085 12.63 0.03 0.030 12.42 0.04 0.098
09444 O-rich 146.88 14.03 0.10 0.322 13.71 0.08 0.353 13.55 0.04 0.281 13.41 0.06 0.318 13.35 0.03 0.385
09856 O-rich 613.89 16.58 0.27 0.041 14.40 0.22 -0.037 13.01 0.05 -0.065 12.18 0.05 0.061 11.88 0.06 0.092
13234 O-rich 489.95 16.66 0.26 -0.206 14.69 0.16 -0.232 13.34 0.06 -0.189 12.51 0.05 -0.220 12.25 0.06 -0.184
07622 C-rich 1190.29 17.00 0.40 -0.121 14.44 0.18 -0.033 12.80 0.10 -0.038 11.86 0.12 -0.009 11.35 0.08 -0.010
08199 C-rich 749.95 18.27 1.04 0.296 15.26 0.59 0.290 13.46 0.41 0.217 12.43 0.33 0.240 11.73 0.21 0.243
09688 C-rich 588.32 16.69 0.12 -0.187 14.54 0.14 -0.183 13.04 0.07 -0.292 12.22 0.09 -0.247 11.68 0.06 -0.296
10109 C-rich 977.93 16.20 0.50 0.421 13.98 0.24 0.455 12.58 0.16 0.442 11.70 0.14 0.495 11.27 0.07 -0.484
10309 C-rich 952.61 16.49 0.18 0.085 14.29 0.17 0.109 12.78 0.15 0.090 11.92 0.11 0.103 11.53 0.06 0.049
11688 C-rich 846.77 16.20 0.21 0.296 14.20 0.13 0.344 12.66 0.07 0.378 11.86 0.04 0.433 11.50 0.03 0.384
12653 C-rich 1356.29 17.70 0.40 0.430 14.90 0.30 0.407 13.21 0.08 0.423 12.19 0.14 0.375 11.64 0.08 0.386
13748 C-rich 936.41 16.99 0.44 0.276 14.87 0.36 0.336 13.18 0.10 0.361 12.22 0.13 0.370 11.74 0.07 0.357
13945 C-rich 918.45 16.49 0.30 0.098 14.18 0.21 0.092 12.72 0.10 0.082 11.82 0.11 0.109 11.34 0.08 0.106
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Figure 3. Examples of the spectral energy distributions of our
program stars. The upper panel corresponds to OGLE-SMC-
LPV-08978 (oxygen-rich star) while the bottom panel is of OGLE-
SMC-LPV-07622 (carbon star). The zero magnitude flux and its
reference wavelength are referred from Cohen et al. (2003) for
UBV I bands, Cohen, Wheaton & Megeath (2003) for JHKs
bands, IRAC Data Handbook (2006) for [3.6]-[8.0] bands. The
error bars correspond to 1σ uncertainty of the observation error
effective temperature since the origin of the light variations
of the LSPs is unknown. Nevertheless, we assumed that the
colours of the star always reflect the effective temperature.
The time series for the light variations are used to ob-
tain the time series for the colours. However, the V light
curves are not used for this purpose because the estima-
tion using Equation 3 would involve a significant error for
the V magnitude. Houdashelt et al. (2000) obtained the
(V − I) − Teff and (V −K) − Teff relations for oxygen-rich
AGB stars and we derived the (I −K)− Teff relations from
those relations. For the oxygen-rich stars, we obtained the
effective temperatures by applying the (I −K) − Teff rela-
tions corresponding to [Fe/H] of -1.0 (as appropriate for the
SMC) and log g of 0.5 to the I −Ks magnitudes. While for
the carbon stars, the (J −K)−Teff relation (Bessell, Wood,
& Evans 1983) was used. By using the least square fit with a
single sine curve (given by Equation 1) with PI to the time
series of Teff , the amplitude ∆T and mean values 〈T 〉 were
derived (Table 2). Note that the errors for Teff have been de-
rived from the photometric magnitudes and its errors. We
did not consider the uncertainty of the colour-Teff relations.
4.4 The bolometric luminosities
The apparent bolometric luminosities were obtained by
an integration of the energy flux corresponding to the
UBV IJHKs, [3.6], [4.5], [5.8], and [8.0] band magnitudes.
The distance modulus of 18.96 mag for the SMC (Scowcroft
et al. 2016) was used for computing the absolute bolometric
luminosities. Then, by using Equation 1 for a fit to the time
series of the bolometric luminosity, the amplitude ∆L and
mean luminosity 〈L〉 were derived (Table 2).
4.5 The stellar radii
We obtained the time series of the effective temperatures
and the bolometric luminosities of the stars from the data.
Then, we computed the stellar radius and obtained its time
series by using the Stefan-Boltzmann law,
L = 4piσR2T 4eff . (4)
c© RAS, MNRAS 000, 1–16
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Figure 4. Phase lag between the optical and near-IR light curves.
The red and blue solid lines correspond to the mean value for the
phase lags for oxygen-rich and the carbon stars, respectively.
As for Teff and L, the amplitudes ∆R and mean radii 〈R〉
were obtained by least square fitting of Equation 1 (Table 2).
5 RESULTS
5.1 The phase lag between the optical and
near-IR light curves
The phase lags of the light curves between optical and in-
frared bands for Mira type variables, a typical long period
variable in red giants, have been well investigated (e.g. Smith
et al. 2002). The development of strong molecular absorp-
tion (e.g. titanium oxide (TiO) and vanadium oxide (VO)
for oxygen-rich stars, and C2 and CN for carbon stars) in
different layers of the stellar atmospheres at different pul-
sation phase has been proposed to explain the phase lags.
On the other hand, little is known about properties of phase
lags among the light curves associated with the LSPs.
We investigate phase lags given by φNIR−φI . Three pan-
els of Figure 4 show plots of the phase lags against φI . The
weighted mean values and its standard errors for the phase
lags for the oxygen-rich stars are φJ −φI = −0.038± 0.013,
φH − φI = 0.002 ± 0.015, and φKs − φI = 0.037 ± 0.015,
respectively, while for the carbon stars are φJ − φI =
−0.022 ± 0.015, φH − φI = 0.001 ± 0.016, and φKs − φI =
−0.013 ± 0.016, respectively. In the oxygen-rich stars, the
mean phase lag between the I and H bands corresponds to
zero within 1σ uncertainty. On the other hand, the mean
values for φJ−φI and φKs−φI significantly differ from zero
(more than 3σ and 2σ for φJ−φI and φKs−φI , respectively).
This suggests that there is a statistically significant amount
of the phase lags between the pairs of the I and J bands,
and I and Ks bands. From the sign of the mean phase lags,
the J band phase follows the I band phase while Ks band
phase precedes it. In contrast, the carbon stars have a sta-
tistically small amount of phase lag in both the φH−φI and
φKs − φI . This means that there are not significant phase
lags between I, H, and K bands. The mean value of the
φJ − φI differs from zero by a factor of only ∼1.4 of the
standard error σ. More observational data would be neces-
sary to argue whether the phase lag between the I and J
bands is zero or non-zero.
Although the origin of the LSPs is still unknown, our
results suggests a possibility of the strong molecular absorp-
tion in the stellar atmosphere. The amount of the phase
lags in the oxygen-rich stars differs from these in the carbon
stars, implying difference in molecules associated with the
band absorption.
5.2 The effective temperature variations
The median value for the mean effective temperature 〈T 〉
for the oxygen-rich stars was found to be about 3730 K. A
similar value was found in the typical value for the oxygen-
rich LSP stars in the LMC (cf. Nicholls et al. 2009) On the
other hand, the value for the carbon stars was Teff ∼ 3220
K. Figure 5 shows plots with our program stars for the re-
lation between the mean luminosity (log(L/L)) and the
effective-temperature amplitude (∆T/T ). Most stars have
temperature amplitudes lying between 10 K and 100 K cor-
responding to ∆T/T of 0.003 - 0.04 and the median value for
entire samples is about 50 K. This result is consistent with
those for LSP stars in the LMC (cf. Nicholls et al. 2009).
According to the I − Ks, Teff and J − Ks, Teff rela-
tions for oxygen-rich and carbon stars, respectively, most
stars have mean effective temperatures lying between 2800
and 3800 K. However, OGLE-SMC-LPV-09444 (classified
into the oxygen-rich star) has 〈T 〉=5480 K, which is much
higher than the typical value for red giants. The V − I and
J −Ks are about 0.31 and 0.20, respectively, being consis-
tent with the literatures (cf. Mennickent et al. 2002; Cutri
et al. 2003). Moreover, this star had a similar light curve
when compared to the Galactic Be stars (Cutri et al. 2003).
Hence OGLE-SMC-LPV-09444 might be different from typ-
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Table 2. Stellar parameters and their amplitudes
IDa T ∆T b L ∆Lb R ∆Rb
(K) (K) (L) (L) (R) (R)
07522 3742.4 ± 9.0 54.3 ± 12.0 2134.4 ± 19.3 156.0 ± 25.3 110.0 ± 0.5 1.1 ± 0.6
07563 3731.2 ± 5.0 23.6 ± 7.4 3616.2 ± 9.4 88.0 ± 12.8 144.2 ± 0.4 0.7 ± 0.7
07849 3800.3 ± 4.5 54.8 ± 6.3 3010.5 ± 9.2 137.0 ± 12.7 126.8 ± 0.2 1.0 ± 0.3
07852 3666.8 ± 4.5 68.4 ± 6.0 4808.2 ± 16.3 236.0 ± 22.2 172.1 ± 0.4 2.2 ± 0.5
07858 3700.2 ± 4.7 18.6 ± 6.5 2596.1 ± 7.9 92.1 ± 10.1 124.2 ± 0.4 1.4 ± 0.6
08978 3802.1 ± 9.5 41.4 ± 15.7 3072.1 ± 25.2 142.0 ± 38.0 127.9 ± 0.7 1.2 ± 0.9
09444 5480.0 ± 6.4 29.0 ± 9.2 8470.2 ± 30.3 235.0 ± 37.9 102.3 ± 0.2 0.6 ± 0.2
09856 3663.5 ± 4.8 59.2 ± 6.5 4519.3 ± 13.4 180.0 ± 18.1 167.2 ± 0.4 2.1 ± 0.6
13234 3716.7 ± 3.8 50.2 ± 5.3 3351.1 ± 10.2 156.0 ± 14.0 139.8 ± 0.3 0.6 ± 0.4
07622 3102.3 ± 13.4 32.5 ± 19.7 6128.8 ± 35.9 322.0 ± 51.3 272.2 ± 2.4 4.3 ± 3.1
08199 2787.2 ± 10.2 117.0 ± 23.2 4124.2 ± 25.1 464.0 ± 51.2 276.2 ± 1.9 9.3 ± 4.5
09688 3245.8 ± 6.9 8.6 ± 9.7 4859.3 ± 12.7 167.0 ± 18.0 221.0 ± 1.0 2.6 ± 1.4
10109 3341.8 ± 11.7 76.6 ± 16.6 7443.0 ± 37.7 453.0 ± 50.1 258.2 ± 1.8 6.1 ± 2.7
10309 3387.6 ± 14.8 98.1 ± 21.5 5757.3 ± 24.2 380.0 ± 35.2 221.4 ± 1.8 6.0 ± 2.7
11688 3557.6 ± 6.8 27.5 ± 10.2 6184.6 ± 13.4 140.0 ± 17.4 207.5 ± 0.7 2.4 ± 1.1
12653 2982.5 ± 38.4 65.2 ± 55.9 4389.8 ± 46.3 182.0 ± 54.4 249.2 ± 6.4 9.9 ± 11.8
13748 3130.1 ± 9.0 9.3 ± 12.1 4269.3 ± 14.5 273.0 ± 19.5 222.8 ± 1.2 5.8 ± 1.7
13945 3221.9 ± 14.4 19.2 ± 20.3 6431.8 ± 27.0 314.0 ± 38.6 258.7 ± 2.4 5.6 ± 3.3
aOGLE-SMC-LPV-xxxxx
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Figure 5. Effective-temperature amplitude plotted against mean
luminosity in solar unit.
ical LSP stars in the SMC. Therefore further observation
might be necessary.
5.3 The bolometric variations
The bolometric luminosity of the stars varied with the LSP
phase. We confirmed that all program stars show the bolo-
metric variations associated with the LSP.
Most stars have ∆L/L lying between 0.03 and 0.07. The
median values for 9 oxygen-rich stars and 9 carbon stars for
∆L/L are about 0.046 and 0.053, respectively, where the
difference is enough smaller than the range of ∆L/L values.
This result suggests that there is little to no difference in
the typical value for ∆L/L between oxygen-rich stars and
carbon stars.
Figure 6 shows plots with our program stars for the
relation between the mean luminosity (log(L/L)) and the
bolometric amplitude (∆L/L). The full bolometric ampli-
tudes are twice as large as ∆L/L. If LSP light variations
are caused by an eclipsing binary, the radius of the com-
panion star should be ∼ 30% of the radius of the primary
(AGB) star in order to reproduce the observed light ampli-
tudes e.g. a system consisting of ∼ 130R AGB star and
∼ 40R lower luminosity red giant for the oxygen-rich LSP
stars. Such a binary system would need to have a high mass
ratio (m2/m1 & 0.9) so that the two components were both
red giants at the same time. The fraction of the LSP can-
didates were approximately 25 - 50 % against the luminous
red giant variables in MACHO and OGLE database. If the
LSP is caused by eclipse in a binary system with AGB stars,
a mass ratio distribution extremely peaked at 1.0 should be
required for red giant binaries (e.g. half to all AGB binaries
are necessary to be an eclipsing binary with a mass ratio
of & 0.9 even if binary fraction of AGB stars is 0.5.). This
means that eclipsing binaries cannot explain the LSPs.
5.4 The radius variations
Figure 7 shows plots with our program stars for the relation
between the mean luminosity (log(L/L)) and the radius
amplitude (∆R/R). The median values for mean radius for
the oxygen-rich stars is about 128R. This value is very
similar to the typical value for oxygen-rich stars with LSPs
in the LMC (cf. Nicholls et al. 2009). Most oxygen-rich stars
have full radius amplitude (2∆R) lying between 1R and
4R and the median value is about 2.2R. Those values are
slightly smaller than those for oxygen-rich LSP stars in the
LMC (cf. Nicholls et al. 2009). The carbon stars, on the other
hand, have larger radius than the oxygen-rich stars. Stellar
radius for the carbon stars lies in range of 200 - 280R and
the typical value is ∼250R. The typical value for full radius
amplitude for those stars is about 11.7R.
We also explored the variation with phase of the radius
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Figure 7. Radius amplitude plotted against mean luminosity in
solar unit.
of our program stars. Some examples of our sinusoidal fits to
the radius data are shown in the right column of Figure 8.
All radius curves shown within this figure are folded at the
LSP of the star. Similar curves for luminosities and effec-
tive temperatures are shown in the left and middle columns,
respectively. The points of luminosity and temperature lie
along the fitted curves while a larger spread around the fit-
ted curve of radius can be seen. We examined the standard
deviation sL between luminosity variations and the fitted
curve,
s2L =
χ2(PI)
N − 1 =
1
N − 1
∑
i
(
∆L(ti)
L
− ∆LP (ti)
L
)2
, (5)
where χ is defined by Equation 2. The ratio sL/(∆L/L) was
less than 1.0 in 17 of 18 of our samples. The ratio sT and
∆T/T was less than 1.0 in 5 of 18 of our samples. However
there is no sample star with sR/(∆R/R) < 1.0. Therefore
radius variations associated with the LSP are obscured com-
pared with variations in L and Teff .
The phases of the effective temperature of the stars
shown in Figure 8 seem to correlate with those of the lumi-
nosity. However the phases of the radius are not consistent
with the phases of the temperature and luminosity. The two
panels of Figure 9 show relations between those phases. The
relative phase a of variations in L and Teff is -0.020.02 where
φT = φL + a, hence there is no significant phase shift be-
tween luminosity and temperature. On the other hand, the
right panel of Figure 9 suggests no clear consistency in phase
between radius and luminosity variations.
We now examine the separate contributions of varia-
tions in Teff and R to the observed variation in L. Con-
sidering a first order series for perturbations, the Stefan-
Boltzmann law is represented by,
δL
L
= 4
δTeff
Teff
+ 2
δR
R
(6)
= 4
δTeff
Teff
(
1 +
δR/R
2δTeff/Teff
)
. (7)
Now we compare the amplitude ∆R/R with ∆T/T and ex-
amine which effect contributes mostly to the luminosity vari-
ations. Figure 10 shows the ratio (∆R/R)/(2∆T/T ) against
∆T/T . Most stars have the ratio with (∆R/R)/(2∆T/T ) <
1. The median value for those ratios for 13 program stars
was about 0.44. Note that only one star, OGLE-SMC-LPV-
07858, has (∆R/R)/(2∆T/T ) larger than 1, however, we
found no evidence of periodicity for either R or Teff .
To confirm the robustness for our result, we also cal-
culated the effective temperatures with other colour - Teff
relations and reanalysed the amplitudes of Teff and R.
The colour - Teff relations of Kucˇinskas et al. (2005) and
Marigo, Girardi & Chiosi (2003) were used for the oxygen-
rich stars and carbon stars, respectively. As a result, we
found that the median values for Teff were 3702 K and 3329
K for the oxygen-rich stars and carbon stars, respectively,
while the those for R were 129R and 239R for the oxy-
gen rich stars and carbon stars, respectively. This suggests
that those values are quite consistent with the results ob-
tained by using the colour - Teff relations of Houdashelt
et al. (2000) and Bessell, Wood, & Evans (1983). The
(∆R/R)/(2∆T/T ) plotted against ∆T/T is shown in Fig-
ure 11. Though the total number of the sample plotted on
the ∆T/T vs (∆R/R)/(2∆T/T ) diagram decreased from 13
to 11, Figures 10 and 11 show a similar distribution. More-
over, the the median value of (∆R/R)/(2∆T/T ) for Figure
11 was about 0.52, thus those values are consistent in the
results obtained by different colour - Teff relations. Hence
the (∆R/R)/(2∆T/T ) values were also consistent between
different color - Teff relations.
In conclusion, the change in effective temperature plays
an important role in the luminosity change associated with
the LSPs. The change in radius contributes roughly half as
much as the change in Teff .
6 DISCUSSION
6.1 Possible explanation for the LSP
6.1.1 Eclipsing binary
At first, we argue the inconsistency of the eclipsing binary
hypothesis. Let us consider an eclipsing binary system con-
sisting of a red giant and its companion, which both have no
star spot on their surface. If the brightness of the companion
c© RAS, MNRAS 000, 1–16
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Figure 8. [Left] sample light curves where δL(t) corresponds to L(t)− 〈L〉. The red solid lines were made by a least square fit with a
single sine curve with PI . [Middle] same as the left panels but for the effective temperature. [Right] same as the left panels but for the
radius.
star can be ignored relative to that of the primary star (red
giant), the radius ratio of the red giant to the companion star
would determine the depth of the dimming of light due to
eclipse. Moreover, the depth would not vary with waveband.
On the other hand, if the companion’s brightness cannot be
ignored relative to the red giant’s brightness, the contami-
nation by the companion’s light would be non-negligible in
the total brightness of the binary system. The light ampli-
tude variations with wavelength found in the LSP stars can
be interpreted as a result that the companion is moderately
bright and the effective temperatures differ between the red
giant and the companion star.
An eclipsing binary should produce a light minimum
at all wavelengths at the same time, thus, at the same
phase. This requires coherence of the light curves in vari-
ous wavebands. However, especially in the oxygen-rich stars,
we found evidence for the significant phase lag of the light
curves between different wavebands. This result is inconsis-
tent with the explanation of the eclipsing binary. To explain
the LSP variability by eclipsing binary, we would have to
consider a more complex binary system such as stars with a
star spot and/or binary with a comet-like companion.
6.1.2 Ellipsoidal binary
An ellipsoidal binary is one of the possible explanations for
the LSPs. The ellipsoidally distorted shape of a central star
gives rise to the light variations associated with the orbital
motion. The non-spherically-symmetric distribution of the
temperature in the photosphere i.e. the gravity darkening
effect would also likely cause the periodic variations of the
observed temperature.
However, we found that the light amplitudes of the ellip-
soidal variability are too small to reproduce the light ampli-
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Figure 10. Amplitude ratio (∆R/R)/(2∆T/T ) plotted against
2∆T/T for 13 program stars having σ∆R/(∆R/R) < 0.8 and
σ∆T /(∆T/T ) < 0.8 where σ∆R and σ∆T correspond to the error
for ∆R/R and ∆T/T , respectively.
tudes found in the LSPs. Nie et al. (2012) found the relations
between the orbital elements and the light amplitudes of el-
lipsoidal binaries with red giants. We used them to estimate
the I amplitudes expected from the LSP stars. We assumed
a binary system with red giant mass of 1.5M, compan-
ion mass of 0.1M, and orbital separation a=1.4 au, which
have been derived from the radial velocity curves of the LSP
stars (Hinkle et al. 2002; Nicholls et al. 2009). The ampli-
tudes vary with the inclination angle of the orbit. However,
when the LSP star has a radius of R = 128R, the upper
limit for I amplitude was only about 0.015 mag. This is in-
consistent with the our result that all our program stars had
full I amplitudes of >0.08 mag. Hence ellipsoidal binary hy-
pothesis is inconsistent with the observed light amplitudes
in LSP stars.
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Figure 11. Same as Figure 10, but obtained by using the
colour - Teff relations of Kucˇinskas et al. (2005) and Marigo,
Girardi & Chiosi (2003) for the oxygen rich stars and carbon
stars, respectively. Only the stars with σ∆R/(∆R/R) < 0.8 and
σ∆T /(∆T/T ) < 0.8 are plotted.
6.1.3 Stellar pulsation
Stellar pulsations on red giants are one of the well-discussed
explanations for the LSPs. As mentioned in Section 1, the
LSPs are longer than the pulsation periods corresponding
to the radial fundamental mode in typical AGB stars (i.e.
Mira type stars). This is one of the reasons of why radial
pulsations are ruled out from the explanations for the LSPs.
However, as also shown in Figure 7, we could not find an
evidence that the radius amplitudes of our sample stars are
zero although the amplitudes were very small. Therefore,
radial pulsation would have room for consideration.
On the other hand, non-radial pulsations are likely to
be the explanation for the LSPs. Periods of some non-radial
g-modes are longer than period of radial fundamental mode.
Hence, non-radial g-modes should be considered for explain-
ing such a long period. Saio et al. (2015) suggested that the
oscillatory convective modes (g−-modes) can be driven in
luminous AGB stars. They also found that the theoretical
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Table 3. Slopes of the fitted lines and model lines
slope observation model
∆J/∆I 0.36 ± 0.08 0.59
O-rich ∆H/∆I 0.33 ± 0.07 0.36
∆Ks/∆I 0.32 ± 0.04 0.30
∆Ks/∆J 0.75 ± 0.08 0.50
∆J/∆I 0.56 ± 0.07 0.67
C-rich ∆H/∆I 0.52 ± 0.03 0.52
∆Ks/∆I 0.32 ± 0.02 0.43
∆Ks/∆J 0.54 ± 0.05 0.64
period-luminosity relations obtained by the dipole oscilla-
tory convective modes are roughly consistent with the se-
quence D in the LMC.
There is another reason to support non-radial pulsa-
tions. In general, in the dipole mode oscillations described
with spherical harmonics, the area of the apparent disc of the
star would be maximized twice in one pulsation cycle due to
symmetry of a change in a stellar shape. It means that the
period corresponding to variations in R is a half as much as
that of Teff . If the contribution of a change in temperature
is much larger than that in radius, the period correspond-
ing to luminosity variations would be same as that of the
temperature variations. As mentioned in Sec 5.4, change in
R contribute to change in luminosity about half as much
as change in Teff . It implies that the change of the effective
temperature mainly produces the bolometric variations. The
absence of the correlation in relative phase between radius
and luminosity (see Figure 8) can be interpreted as a result
of a fit of R variations with the period corresponding to L
variations. Hence, the observation is consistent with proper-
ties of the dipole mode oscillations where the temperature
change is main source of the bolometric change.
Also if the LSP variability is caused by dipole mode
oscillations of the stars, the observational light amplitudes
should vary with the inclination angle of the pulsation axis,
though the amplitudes also depend on the pulsation ampli-
tude for the temperature.
In the next section, we investigate whether the dipole
mode pulsations in a red giant can reproduce the LSP vari-
ability obtained from OGLE and IRSF/SIRIUS survey. To
compare with the observation, we calculate numerical mod-
els to obtain the light amplitudes expected from dipole mode
oscillations.
6.2 Comparison of models with observations
Using our models assuming dipole mode oscillations, we cal-
culate the light amplitudes in various waveband and make
a comparison with the observations. At first, we examine
models without limb darkening.
Four panels of Figures 12 shows the plots for a sample
of the oxygen-rich stars. The model lines are also plotted in
the relevant panels. The maximum amplitudes of each model
line correspond to the models for inclination angle of α=0
degree. The temperature amplitudes determine the maxi-
mum value of the light amplitudes while the slopes of the
model lines are almost the same between the two tempera-
ture amplitudes. Consequently, our models can roughly re-
produce the amplitude-amplitude relations of each diagram,
though in the (∆I,∆J) diagram the model lines deviate
slightly from where many plot points are dense.
To compare the models with observations quantita-
tively, we calculated the fitted lines for the plots lying on
each panel. The slopes of the fitted lines and the models
with ∆T=100 K are shown in Table 3. In the plots for
(∆I,∆H) and (∆I,∆Ks) diagrams, the models can repro-
duce the slopes of the fitted lines. The slope for the fitted line
for the (∆I,∆J) was 0.36±0.08, which was gentler than the
model slopes by a factor of ∼1.6. For (∆J,∆Ks), the slope
was 0.75±0.08 but the model lines were too gentle even if
considered 3σ error.
These results imply that, in the oxygen-rich stars, the
light variations expected from the dipole mode oscillations
can reproduce the observed amplitudes for the I, H, and
Ks bands, while in the J band, the differences in ampli-
tude between the model and the observation are slightly
larger. A possible interpretation for this discrepancy is the
effect of absorption within the wavelength range of the J
band by molecules in the stellar atmospheres. As mentioned
in Sec 5.1, the phase variations with wavelength found in
the oxygen-rich stars would be likely to be the evidence of
the strong molecular absorption at the stellar atmosphere.
Long-term spectroscopic observation is necessary for further
investigations.
Four panels of Figures 13 shows the same as Figures 12
but for the carbon stars. In contrast with the oxygen-rich
stars, we can see apparent positive correlations between the
I amplitude and each NIR amplitude.
The model lines were also plotted on the relevant panels.
Note again that the limb darkening effect isn’t considered in
these models. As same as the oxygen-rich stars, the model
lines can roughly reproduce the feature of the amplitude-
amplitude relations consisting of many plots of the observa-
tion.
The slopes of both the model lines and fitted lines of the
observations are also shown in Table 3. The model slopes in
the (∆I,∆H) diagram were consistent with the fitted line of
the observation. In the (∆I,∆J) and (∆J,∆Ks), the slopes
of the model lines and the fitted lines of the observations
were in agreement within the margin of 2σ error. However,
the model lines could reproduce the observations qualita-
tively. Indeed, those model lines pass through the region
where many plots lie on. For the explanations of the gap be-
tween models and observations, more realistic models for the
atmospheres of carbon stars are necessary for future study.
We also investigated the effect which the limb darken-
ing gives the model lines. The two panels of Figure 14 show
examples of the amplitude-amplitude relations derived from
the models with/without limb darkening. It is clear that
there is a difference in maximum amplitude between the
models with/without limb darkening. However, the slopes of
those model lines were almost the same. We also obtained
the same results in the other amplitude-amplitude relations
as shown in Figures 12 and 13. These results suggest that
the models for both oxygen-rich star and carbon star can
roughly reproduce the light amplitudes of the LSPs and this
conclusion is robust regardless of the limb darkening effect.
As shown in Figure 14, the maximum values for light
amplitudes are altered by the limb darkening coefficients.
With limb darkening, the limb of the stellar disc makes a
c© RAS, MNRAS 000, 1–16
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Figure 12. Comparison of models against observation for the full light amplitudes. The red filled squares with error bars correspond to
9 oxygen-rich stars. The pink-filled triangles show the entire samples which were rejected by our selection criteria for the period analysis
(see Sec 4.1). All light amplitudes are obtained by a fit with a single sine curve with the PI . The black solid lines correspond to the
models without limb darkening. The black filled circles and crosses show models with a temperature amplitude of 100 K and 200 K,
respectively, for inclination angles of 0, 30, 60, and 90 degrees.
smaller contribution to the total brightness. Moreover, at
angle α=0, the closer to the limb of the stellar disc, the
smaller the amplitude of the brightness. Consequently, the
intensity perturbations of light from close to the centre of
the stellar disc, where the largest amplitude of the intensity
perturbations occurs, are emphasized relatively for the to-
tal light amplitude of the star. This is the reason why the
maximum amplitudes for the models with limb darkening
are larger than these for the models without limb darken-
ing. This also implies that the models with α=0 and with-
out limb darkening give us the minimum value of the max-
imum light amplitudes. Hence, the comparison of the ob-
served maximum amplitude with the theoretical amplitude
derived from these models would give us the upper limit of
the temperature amplitude for the pulsations.
We estimated the upper limit for the temperature am-
plitudes for the pulsations by comparing the observations
with the models without limb darkening in the I ampli-
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Figure 13. The same as Figure 12 but the models for carbon stars. Again, the blue-filled squares with error bars correspond to 9 carbon
stars. The light blue filled triangles show the entire samples which were rejected by our selection criteria.
tudes. In the oxygen-rich stars, the maximum value for the
observed I amplitudes was about 0.22 mag and it was con-
sistent with the models for α=0 with the temperature am-
plitude of ∆T=100 K (left panel of Figure 14). Hence the
upper limit of ∆T for the oxygen-rich stars would likely to
be about 100 K.
The observed temperature amplitude of the stars with
I amplitude of 0.22 mag, based on spherically symmetric
models, was about 60 K - 70 K (see Tables 1 and 2). We
can interpret this smaller value for the amplitude as a re-
sult of the spherically symmetric distribution of temperature
perturbations, in contrast to the non-spherically symmetric
distribution in our models with non-radial oscillations.
The maximum value for the observed I amplitudes for
the carbon stars was about 0.59 mag, although most carbon
stars have I amplitudes less than 0.36 mag (right panel of
Figure 14). This latter value is consistent with the models for
α=0 with ∆T = 150 K. Hence, we suggest that most carbon
stars with LSPs would likely have a temperature amplitude
∆T less than about 150 K though a small population of
carbon stars would have ∆T larger than 200 K.
The pulsation period of radial fundamental mode on lu-
minous AGB star has been known to corresponds to the se-
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Figure 14. Comparison of the slopes of the model lines obtained from the models with/without limb darkening. The linear limb darkening
coefficients obtained by Neilson & Lester (2013) were examined for the models. The left panel shows the models for oxygen-rich star
with ∆T=100 K. It is same as the left bottom panel of Figure 12. The right panel show the models for carbon star with ∆T=150 K. The
plots are same as the left bottom panel of Figure 13.
0.00
0.10
0.20
0.30
0.40
0.50
0.60
0.00 0.10 0.20 0.30 0.40 0.50 0.60
∆H
∆I
radial
dipole
0.00
0.10
0.20
0.30
0.40
0.50
0.60
0.00 0.10 0.20 0.30 0.40 0.50 0.60
∆H
∆I
radial
dipole
Figure 15. Model lines of radial pulsation for oxygen rich star (left) and carbon star (right). The models for radial pulsations with
∆T=50 and 100 K are plotted. For comparison, the models for dipole mode pulsations with ∆T=100 K which are similar to Figure 14
are also plotted.
quence C of the PL relations and it is shorter than the LSPs.
If the LSPs correspond to the radial fundamental mode, the
star would be required to have an extremely large radius rel-
ative to a typical AGB star. Nevertheless, we examine light
amplitudes of radial pulsations with same stellar parameters
assumed for our dipole mode models.
Figure 15 is a comparison between radial pulsation mod-
els and dipole mode models. The models for radial pulsation
are obtained by modification of our dipole mode models.
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Also we ignored radius variations for the models hence sur-
face gravity is constant. Even if non-zero radius amplitude is
assumed, the amplitude in a given waveband changes but the
slope of the model lines in the amplitude-amplitude diagram
would not change when variations in surface gravity are ig-
norable. The slopes of the model lines for radial pulsation
are consistent with those of the dipole modes in oxygen-rich
and carbon star, respectively. The same results were also
obtained from other amplitude-amplitude diagrams such as
shown in Figure 12. Those results imply that radial pulsa-
tions can not be rejected as the explanation for the LSPs on
the basis of relative light variations in optical and near-IR
bands. However, there is still a discrepancy in the length be-
tween the LSP and the period of radial fundamental mode
of AGB stars.
7 CONCLUSION
We explored properties of the LSP variability and exam-
ined whether the dipole mode oscillations of the red giant
star can explain the LSPs. Phase lags between the optical
and near-IR light curves of the oxygen-rich stars have been
found, which implies that eclipsing binaries are an unlikely
explanation for the LSPs. The evidence for phase lags also
implies the possibility of strong molecular absorption in the
stellar atmosphere. A sample of the LSP stars has light am-
plitude of ∆I >0.08 mag, which would be too large to be
explained by ellipsoidal binaries reproducing the typical ra-
dial velocity curve of LSP stars.
The effective temperature and luminosity varies during
LSP cycles. The phase difference between variations in Teff
and luminosity is small. The contribution of the changes in
R to bolometric changes is about half as much as changes
in Teff . In addition, there is no clear correlation in relative
phase between radius and luminosity. This suggests that
variations in Teff make the most important contribution to
bolometric change associated with LSPs. These results are
consistent with properties of the dipole mode oscillations of
the star but they do not reject radial pulsations from possi-
ble explanations for the LSPs.
We have created numerical models for stellar photo-
sphere and computed light amplitudes expected from the
dipole mode oscillations. By comparison with the observa-
tions, it has been found that our models can roughly repro-
duce the amplitude - amplitude relations obtained by the
LSP stars. The diversity in light amplitudes among the LSP
stars is likely to be a combination of variable intrinsic am-
plitude and different inclination angles of the pulsation axis
to the line of sight. The temperature amplitudes in the pho-
tosphere are expected to be mostly less than 100 K and 150
K for the oxygen-rich stars and carbon stars, respectively.
On the other hand, a discrepancy between the gradient of
the observed amplitude - amplitude relations and the slopes
of the model lines has been found. In this work, hydrostatic
models are assumed for the atmosphere and the spectra al-
though a pulsating star is considered. Hence, hydrodynamic
models for non-radial oscillations in AGB stars might pro-
duce better agreement with observations.
Similar to the calculations with dipole mode models, we
also have examined photometric amplitude with the radial
pulsation models. The model lines of both pulsation models
show quite similar slope on amplitude - amplitude diagrams.
This means that radial and non-radial (dipole mode) pulsa-
tions would be consistent with colour changes in LSP stars.
However, there is still an inconsistency in length between
the LSP and periods of radial fundamental mode.
Saio et al. (2015) found that dipole modes correspond-
ing to non-adiabatic g− modes (so called oscillatory convec-
tive modes) can roughly reproduce the PL relation of the
sequence D. Therefore our results suggest that the observa-
tions can be consistent with stellar pulsations corresponding
to oscillatory convective modes. In order to reproduce the
observational results more precisely, it is necessary to con-
struct models taking more complex physics into account,
such as an effect of molecular absorption in the atmospheres.
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APPENDIX A: CALCULATION FOR LIGHT
AMPLITUDES EXPECTED FOR THE DIPOLE
MODE OSCILLATIONS
In order to calculate the light amplitudes expected for dipole
mode oscillations of the star, we make very simple models to
simulate the light variations in various wavebands. We con-
sider linear pulsations on a non-rotating star and assume
the spherical harmonics Y ml (θ, ϕ) for the angular displace-
ments, thus the temperatures of the atmospheres at (θ, ϕ)
are represented by Y ml (θ, ϕ).
The form of the spherical harmonics is also determined
by the angle between the pulsation axis and the line of sight
direction from the observer. When the pulsation axis cor-
responding to θ = 0 is inclined at angle α to the line of
sight direction toward the observer, the spherical harmonics
Y ml (θ, ϕ) can be represented as,
Y ml (θ, ϕ) =
l∑
m′=−l
dlmm′(α)Y
m′
l (θ
′, ϕ′). (A1)
We set up a new coordinate system (x′, y′, z′) as that the
axis with θ′=0 (the z′-axis) agrees with the line of sight
direction toward the observer and the y′-axis agrees with
the y-axis, i.e. the observer lies on the z − x plane (Figure
A1).
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Then the Y 01 (θ, ϕ) can be given by following equation,
Y 01 (θ, ϕ) = cosαY
0
1 (θ
′, ϕ′)
− 1√
2
[Y 11 (θ
′, ϕ′)− Y −11 (θ′, ϕ′)] sinα
=
√
3
4pi
(cosα cos θ′ + sinα sin θ′ cosϕ′). (A2)
We consider Y 01 for our simulations because the displace-
ment pattern of Y ±11 (θ, ϕ) can be represented by a geomet-
rical rotation of Y 01 (θ, ϕ). Then the temperature of the atmo-
spheres at time t can be represented as following equation,
Tp(α, θ
′, ϕ′) = T0 + δT (t)Y
0
1 (θ, ϕ)
= T0 + ∆T (cosα cos θ
′ + sinα sin θ′ cosϕ′)eiωt,
(A3)
where T0 is the temperature at the hydrostatic equilibrium
and ω is the pulsation frequency.
According to the oscillations for dipole modes, the di-
ameter of the star is a constant though the shape of the star
becomes a slightly distorted sphere. For the sake of simplic-
ity, we assume a star keeping a spherically symmetric shape
with a constant stellar radius. Hence the radiative flux Fλ
emitted from the entire stellar disc to the observer for wave-
length λ can be given by the following equation,
Fλ =
1
d2
∫
hemisphere
Iλ(α, θ
′, ϕ′)ez′ · ds′
=
R2
d2
∫ pi/2
0
∫ 2pi
0
Iλ(α, θ
′, ϕ′) sin θ′ cos θ′dθ′dϕ′, (A4)
where Iλ(α, θ
′, ϕ′) is intensity of the brightness on the stel-
lar disc. R and d are the stellar radius and the distance from
the star to the observer, respectively. However R and d val-
ues are not considered for derivation of the light amplitudes
because those are cancelled during the calculation.
The limb darkening effect is also one of the factors that
determine the brightness of the star. For more detail, the
limb darkening on a pulsating star with a non-spherical dis-
tribution of the temperatures of the atmospheres should be
considered. Nevertheless, for simplicity, we assumed the limb
darkening for single temperature represented as
Iλ(α, θ
′, ϕ′) = I0,λ(Tp(α, θ
′, ϕ′))DT0(θ
′), (A5)
where DT0(θ
′) is the limb darkening corresponding to tem-
perature of T0. We consider the models for no limb darkening
effect (i.e. DT0(θ
′) = 1) and the models with the linear limb
darkening coefficients (DT0(θ
′) = 1 − u(1 − cos θ′)) of Neil-
son & Lester (2013). We also assumed the model intensities
of the surface brightness I0,λ. For oxygen-rich stars, we as-
sumed the temperature-dependent intensity I0,λ(T ) given by
the spherically-symmetric MARCS code (Gustafsson et al.
2008) models. On the other hand, we assumed the intensities
corresponding to the blackbody for carbon star models.
Finally, the brightness for the waveband is derived by
considering the filter function corresponding to the wave-
band fband(λ),
Bband =
∫
fband(λ)Fλdλ. (A6)
The full light amplitudes are derived from the computed
brightness in maximum and minimum light.
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